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Let 1 be a graph with almost transitive group Aut(1) and quadratic growth. We
show that Aut(1) contains an almost transitive subgroup isomorphic to the free
abelian group Z2.  1997 Academic Press
1. INTRODUCTION
The graphs considered in this paper are undirected connected locally
finite graphs without loops or multiple edges. The symbols V(1 ), E(1 ), and
Aut(1 ) will denote, respectively, the vertex set, the edge set, and the
automorphism group of the graph 1. If _ is a partition of V(1) then the
quotient graph 1_ is the graph with vertex set _ and edge set [[X1 , X2] |
X1{X2 and [x1 , x2] # E(1 ) for some x1 # X1 , x2 # X2]. By x_ we denote
the element of _ containing the vertex x.
For GAut(1) define a partition _ of V(1 ) to be an imprimitivity
system of G if g(X ) # _ for all X # _ and g # G. The elements of an
imprimitivity system _ are called blocks of _. For g # G denote by g_ the
element of Aut(1_) induced by the element g. By G_ we denote the
subgroup of Aut(1_) induced by the group G.
For a graph 1, XV(1 ), and g # Aut(1 ), GAut(1) stabilizing X,
denote by gX and GX the restriction of g and G respectively to X.
We say that a group G of automorphisms of a graph 1 is almost
transitive if G acts with finitely many orbits on V(1 ).
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For a connected graph 1 and a positive integer m denote by 1 m the
graph with vertex set V(1 m)=V(1) and edge set E(1 m)=[[x1 , x2] | 0<
d1 (x1 , x2)m].
A connected graph 1 is a graph with polynomial growth if for some
x # V(1 ) the number |1 n(x)| of vertices of 1 at distance at most n from x
in 1 is bounded above by cnd for all positive integers n, where c and d are
some fixed positive integers. Obviously, this property (for a fixed d ) does
not depend on the choice of x.
Based on Gromov’s result about groups with polynomial growth [2],
the graphs with vertex-transitive automorphism groups and polynomial
growth were described in [6]. It was shown that any such graph 1 has an
imprimitivity system _ of Aut(1 ) on V(1) with finite blocks such that the
group Aut(1_) is almost nilpotent (i.e., contains a nilpotent subgroup of
finite index) and has finite vertex stabilizers. Using this result we prove
Proposition 1. Let 1 be a graph with almost transitive automorphism
group and polynomial growth. Then there exist a subgroup H of Aut(1) and
an imprimitivity system _ of H on V(1 ) with finite blocks such that H_ is
a regular (i.e., vertex-transitive with trivial vertex stabilizers) finitely
generated torsion-free nilpotent group of automorphisms of 1_. In particular,
1_ is a Cayley graph of a nilpotent group.
Proof. There exists a positive integer m such that the Aut(1)-orbits on
V(1 ) are connected in the graph 1 m. Now the above mentioned result from
[6] can be applied to the subgraphs generated in 1 m by Aut(1 )-orbits.
The blocks of the corresponding imprimitivity systems of the restrictions of
Aut(1 ) to these orbits form an imprimitivity system ? of Aut(1) on V(1 )
with finite blocks such that (Aut(1))? is an almost transitive and almost
nilpotent subgroup of Aut(1?) with finite vertex stabilizers. This also
implies that (Aut(1 ))? is a finitely generated group.
Denote by H a subgroup of Aut(1 ) such that H? is a nilpotent subgroup
of (Aut(1 ))? of finite index. Then H? is an almost transitive finitely
generated nilpotent group of automorphisms of 1?. In particular, the peri-
odic part (the set of all elements of finite order) of H ? denoted by T(H ?)
is a finite normal subgroup of H?. Let { be the imprimitivity system of H
on V(1 ), any block of which is the union of all blocks of ? from some
T(H?)-orbit. Then the blocks of { are finite, and H{ is an almost transitive
torsion-free nilpotent group of automorphisms of 1{. This implies that the
stabilizer of any vertex of 1{ in H{ is trivial. To see this fact note that for
a certain positive integer m$ the orbits of H{ on V(1{) are connected in
the graph (1{)m$. Now the required result is a corollary of the following
known result which is an immediate consequence of [5, Theorem 2.3]: the
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stabilizer of a vertex of a connected locally finite graph in a vertex-trans-
itive torsion-free nilpotent group of automorphisms is trivial.
Pick a vertex (a block of {) inside each H{-orbit on V(1{). Then by the
triviality of the vertex stabilizers in H{ the union of these blocks of { is a
block of an imprimitivity system, say _, of H on V(1). Obviously the
blocks of _ are finite, and H_ is a vertex-transitive group of automorphisms
of 1_.
Suppose there exists an element h # H such that the element h_ stabilizes
a vertex of 1_. Then the finiteness of the blocks of _ implies the existence
of a positive integer k such that the element (h{)k stabilizes a vertex of 1{.
Since the stabilizer of any vertex of 1{ in H{ is trivial and H{ is torsion-free,
we get h{=1. Thus h_=1. This implies that the group H_ is isomorphic to
H{, and the stabilizer of a vertex of 1_ in H _ is trivial. K
By Proposition 1, for any graph 1 with almost transitive group Aut(1 )
and polynomial growth we have c1 nd|1 n(x)|c2 nd for all positive
integers n where c1 , c2 are some positive constants and the nonnegative
integer constant d coincides with the growth degree of a finitely generated
nilpotent group (of H_ from Proposition 1) as it was defined in [1]. The
integer d is called the growth degree of 1.
The class of graphs with almost transitive automorphism group and
growth degree 2 is the same as the important class of connected locally
finite graphs with almost transitive automorphism group and recurrent
simple random walk (see [3, 7]). This is a reason for a more detailed
investigation of this class of graphs.
Since a torsion-free nilpotent group with growth degree d3 is isomorphic
to Zd (see [1]), it follows from Proposition 1 that for any graph 1 with
almost transitive group Aut(1) and growth degree d3 there exists a sub-
group H of Aut(1) and an imprimitivity system _ of H on V(1 ) with finite
blocks such that H_ is a vertex-transitive group of automorphisms of 1_
isomorphic to Zd (and 1_ is a Cayley graph of Zd), In particular (as it is
well known), a group isomorphic to Z acts almost transitively on any
graph with growth degree 1 and an almost transitive automorphism group.
We now consider graphs with growth degree 2, i.e., graphs with quadratic
growth. Obviously, any connected locally finite graph admitting an almost
transitive group of automorphisms isomorphic to Z2, i.e., a graph known
as a two-dimensional generalized lattice, is a graph with quadratic growth.
The class of two-dimensional generalized lattices is a usual object in the
investigations of random walks on graphs, and many results proved earlier
for the integer two-dimensional lattice were extended for this class of
graphs (see e.g. [4])). It was conjectured by the first author that the class
of graphs with almost transitive automorphism group and quadratic
growth and the ‘‘more transparent’’ class of two-dimensional generalized
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lattices coincide, i.e., any graph with an almost transitive automorphism
group and quadratic growth, admits an almost transitive group of
automorphisms isomorphic to Z2. Here we prove this conjecture using the
description of graphs with almost transitive automorphism group and
quadratic growth deduced above from Proposition 1, and the following
result due to the second author.
Proposition 2. Let 1 be a connected locally finite graph such that for
some a, b # Aut(1) and some imprimitivity system _ of (a, b) on V(1 ) with
finite blocks the group (a, b) _ is isomorphic to Z2 and acts transitively
on V(1_). Then there exist elements a$, b$ # Aut(1 ) such that _ is an
imprimitivity system of (a$, b$) , (a$)_=(an)_ for some positive integer n,
(b$)_=b_, and [a$, b$]=1.
Proof. Put Aut_(1)=[g # Aut(1 ) | _ is an imprimitivity system of
(g)], and denote by G the preimage of the subgroup (a_, b_) of
(Aut_(1 ))_ via the natural homomorphism Aut_(1 )  (Aut_(1))_.
Let x be a vertex of 1 and let BV(1 ) denote the union of all (b)-
orbits containing vertices from x_. Then there exists a positive integer m
such that [ y$, y"]  E(1 ) if y$ # im ai (B) and y" #  i&1 ai (B). (Note
that the number m does not depend on x.) Set X=0i<m ai (B), and for
arbitrary integers i j set Xi, j=[ y # V(1 ) | (a_)s (b_)t (x_)= y_ for some
0s<m and it j]. In addition, we set Xk=Xk, k and X&, k=
ik Xi, k , Xk, =jk Xk, j for each integer k. For &i< j, let
Si, j be the pointwise stabilizer in G of Xi, j . Clearly the sets Xi&1 and Xj+1
are finite and Si, j -invariant for any integers i< j. In addition, Si $, jSi, j
and Si, j $Si, j for any integers i $i< j j $. Thus there exists a positive
integer r such that
S X&r&1&r, r =S
X&r&1
&r,  (1)
and
S Xr+1&r, r=S
Xr+1
&, r . (2)
We mention that the number r does not depend on the choice of x for
fixed m.
It is easy to see that by choosing a suitable vertex x of 1 we can assume
that [amk, b] # S&r, r for some positive integer k. In fact, since for any
integer q the element [b, amq] stabilizes the set X&r, r as a whole, there exist
integers 0<q$<q" such that [b, amq$]( y)=[b, amq"]( y) for all y # X&r, r .
Now the element [amk, b], where k=q"&q$, fixes any vertex of the set
amq$(X&r, r). Thus changing in the above the vertex x to any vertex of the
set amq$(X&r, r) we have [amk, b] # S&r, r .
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Set n=mk. We show by induction that for any integer l0 there exists
an element al # G such that a_l =(a
n)_ and [al , b] # S&r&l, r+l . By the
above, we can set a0=an. Suppose we have [al&1 , b] # S&r&l+1, r+l&1 for
some positive integer l where al&1 # G and a_l&1=(a
n)_. Then by (1) there
exists an element c # S&r&l+1,  such that cX&r&l=[al&1 , b]X&r&l , and we
have
[al&1 c, b]=c&1[al&1 , b] b&1cb # S&r&l, r+l&1.
By (2), it follows that [al&1c, b]Xr+l=(b&1 db)Xr+l for some d # S&, r+l ,
and we have
[al&1 cd &1, b]=d[al&1c, b] b&1 d &1b # S&r&l, r+l .
Since (al&1cd &1)_=a_l&1=(a
n)_, we can set al=al&1 cd &1. This com-
pletes the induction arguments.
Let a$ be a limit point of the sequence (al) l0 in the group Aut(1 )
endowed with the pointwise convergence topology. Then, obviously, a$ # G,
(a$)_=(an)_, and [a$, b]( y)= y for all y # X. Thus we can correctly define
an automorphism b$ of 1 as follows: Let y # ain+ j (X ) for some integers i, j
where 0 j<n, then b$( y) :=(a$) i b(a$)&i ( y). It is easy to see that (b$)_=
b_ and [a$, b$]=1 which completes the proof. K
Theorem. Let 1 be a graph with almost transitive group Aut(1) and
quadratic growth. Then Aut(1 ) contains an almost transitive subgroup
isomorphic to Z2.
Proof. By the consequence of Proposition 1 stated in the paragraph
following its proof, there exists a subgroup H of Aut(1) and an
imprimitivity system _ of H on V(1 ) with finite blocks such that H_ is a
vertex-transitive group of automorphisms of 1_ isomorphic to Z2. Pick
elements a, b # H such that (a, b)_=H_. By Proposition 2, there exist
elements a$, b$ # Aut(1 ) such that _ is an imprimitivity system of (a$, b$) ,
(a$)_=(an)_ for some positive integer n, (b$)_=b_, and [a$, b$]=1. Since
(a, b) _ is a vertex-transitive group of automorphisms of 1_ isomorphic to
Z2, it follows that (a$, b$) _ is an almost transitive group of automorphisms
of 1_ isomorphic to Z2. Since [a$, b$]=1 and the blocks of _ are finite,
(a$, b$) is an almost transitive group of automorphisms of 1 isomorphic
to Z2. K
Corollary. There are only countably many nonisomorphic graphs with
almost transitive automorphism group and growth degree 2.
Proof. It follows from our theorem and the remarks following Proposi-
tion 1 that any infinite connected locally finite graph with growth degree
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2 and almost transitive automorphism group admits an almost transitive
group of automorphisms isomorphic to Zd where d=1 or d=2. Denote by
n the number of orbits of this group on the vertex set of the graph. Then,
for fixed d and n, any such graph is isomorphic to (at least) one of the
graphs 1E defined as follows: Fix a countable set Y and a permutation
group G on Y such that G is isomorphic to Zd with n orbits on Y and
with trivial stabilizer of any element of Y. For an arbitrary finite set E of
2-element subsets of Y, 1E is the graph with vertex set Y and edge set
[[ y1 , y2] | [g( y1), g( y2)] # E for some g # G]. Since the set of graphs 1E
is countable, the result follows. K
Part of this work was done while the second author was a guest of the
Montanuniversita t Leoben in March 1995.
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